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Abstract
We study the deformed AdS5×S5 supercoset model of arXiv:1309.5850 which depends on
one parameter κ and has classical quantum group symmetry. We confirm the conjecture
that in the “maximal” deformation limit, κ →∞, this model is T-dual to “flipped” double
Wick rotation of the target space AdS5×S5, i.e. dS5×H5 space supported by an imaginary
5-form flux. In the imaginary deformation limit, κ → i, the corresponding target space
metric is of a pp-wave type and thus the resulting light-cone gauge S-matrix becomes
relativistically invariant. Omitting non-unitary contributions of imaginary WZ terms, we
find that this tree-level S-matrix is equivalent to that of the generalized sine-Gordon model
representing the Pohlmeyer reduction of the undeformed AdS5 × S5 superstring model.
We also study in some detail similar deformations of the AdS3 × S3 and AdS2 × S2
supercosets. The bosonic part of the deformed AdS3×S3 model happens to be equivalent
to the symmetric case of the sum of the Fateev integrable deformation of the SL(2) and
SU(2) principal chiral models, while in the AdS2 × S2 case the role of the Fateev model
is played by the 2d “sausage” model. The κ = i limits are again directly related to
the Pohlmeyer reductions of the corresponding AdSn × Sn supercosets: (2,2) super sine-
Gordon model and its complex sine-Gordon analog. We also discuss possible deformations
of AdS3 × S3 with more than one parameter.
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1 Introduction
The integrability of the AdS5 × S5 superstring theory provides an important tool for finding
its spectrum [1]. Given an integrable sigma model one may construct closely related integrable
models by applying T-duality transformations (see, e.g., [2, 3, 4, 5, 6]). Recently, a novel
example of a one-parameter integrable deformation of the AdS5 × S5 supercoset model, not
related to T-duality was found in [7] (following earlier constructions of [8, 9, 10]). In [11] the
coordinate form of the bosonic part of the corresponding string action was worked out and
the background string metric and the NS-NS 2-form were explicitly determined. This 10d
background has the SO(2, 4)× SO(6) symmetry of AdS5 × S5 broken to its Cartan subgroup
[U(1)]6 and thus its dual gauge theory interpretation is not immediately clear.
The deformed string model [7] is parametrized by the string tension T0 ≡ g =
√
λ
2π
and a real
deformation parameter η ∈ [0, 1). It is useful to also introduce related parameters κ ∈ [0,∞)
and q as in [11]
κ =
2η
1− η2 , q = e
−ν/g , ν =
2η
1 + η2
=
κ√
1 + κ2
. (1.1)
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An interesting feature of the model of [7] is its classical q-deformed symmetry, suggesting that
it is more symmetric than is apparent from its Lagrangian description.1 Remarkably, the cor-
responding tree-level light-cone (bosonic) S-matrix matched [11] the S-matrix with q-deformed
centrally-extended [psu(2|2)]2 symmetry [14, 15, 16] with real deformation parameter q.
This leaves many open questions. In particular, it is not clear whether this deformation
should have an interesting target space interpretation or if it is just a member of a universality
class of models with effectively equivalent classical integrable structure, but related to the
original undeformed one by non-local transformations making the resulting quantum theories
inequivalent. Another interesting question is about the existence and properties of a gauge
theory dual to string theory in the deformed geometry.
Our aim here will be to explore this deformed model by studying its simple limits and low-
dimensional analogs. In particular, we shall consider in detail the following two formal limits:
(i) η = 1 or κ =∞ (q = e−1/g) and (ii) η = i or κ = i (q = ei∞/g).
It turns out that in the first “maximal deformation” limit the deformed 10d metric becomes
closely related (T-dual) to a flipped “double Wick rotation”2 of the AdS5 × S5 space – dS5 ×
H5, where dS5 is the de Sitter space (whose euclidean continuation is S
5) and H5 is the 5d
hyperboloid (which is the euclidean continuation of AdS5). This proves the conjecture of [7]
that the deformation effectively interpolates between AdS5×S5 and dS5×H5 spaces. dS5×H5
is a formal solution of type IIB supergravity supported by an imaginary self-dual 5-form flux
[17] implying that the corresponding world-sheet theory is non-unitary.
In the second “imaginary deformation” limit (combined with a particular rescaling of coor-
dinates) the 10d metric becomes that of a pp-wave background with a curved transverse part.
The corresponding light-cone gauge string action takes a form reminiscent of the action of the
Pohlmeyer reduced (PR) theory for the AdS5×S5 superstring3 [18, 19, 20] but with additional
imaginary B-field (WZ) terms, implying that unitarity is broken. The resulting light-cone gauge
S-matrix is then relativistically invariant and, ignoring the imaginary WZ term contribution,
happens to be the same as the tree-level PR S-matrix found in [21, 22].
We shall also study the direct 6d and 4d analogs of the deformed AdS5 × S5 model, which
may be interpreted as deformations of the AdS3 × S3 [23] and AdS2 × S2 [24] supercosets.
The corresponding metrics are direct sums of deformed AdSn and deformed S
n metrics and are
simply given by truncations of the corresponding parts of the deformed 10d metric of [11]. The
integrability of the resulting 6d and 4d classical string models is inherited from the integrability
of 10d model.
As we shall explain below, the corresponding bosonic integrable models were identified before
in a different guise: the one-parameter κ-deformation of the S3 metric (corresponding to a
deformation of the SO(4)/SO(3) coset following [8]) is a special “left-right symmetric” case
of the Fateev 2-parameter deformation of the SU(2) principal chiral model [25], the classical
1Similar models with classical q-deformed symmetry were discussed in [12, 13].
2This double Wick rotation of the target space should not be confused with the double Wick rotation on the
world sheet used to construct the mirror model of the light-cone gauge-fixed string theory.
3The Pohlmeyer reduction is based on solving the string Virasoro conditions in terms of new “current”
variables related through derivatives (i.e. non-locally) to the original string coordinates and then writing down
the action for the new unconstrained variables.
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integrability of which was proved in [26]. Similarly, the κ-deformation of the S2 metric (found
also as the SU(2)/U(1) coset deformation in [8]) is the same as the 2d “sausage” model of [27],
for which the classical Lax pair was given in [26].
We shall show that the general 2-parameter Fateev model [25] is the same as the SU(2) case
of the 2-parameter family of classically integrable “bi-Yang-Baxter” sigma models constructed
in [10, 28].4 This suggests the existence of a two-parameter deformation of the AdS3 × S3
supercoset model with the bosonic part being given by the sum of the SU(2) Fateev model
and its SL(2, R) analog. Furthermore, the Fateev model admits an integrable extension [26]
to the presence of a WZ term or non-zero B-field coupling, implying that it might be possible
to construct a 3-parameter deformation of the AdS3×S3 supercoset [30] with non-zero NS-NS
B-field coupling (containing as a special case the SL(2, R)× SU(2) WZW model).
For these low-dimensional AdS3 × S3 and AdS2 × S2 models one may also study the special
κ = ∞ and κ = i limits. In particular, in the κ = i limit the resulting pp-wave model turns
out to be closely related to the one in [31, 32, 33]. After completing these pp-wave 4d and 6d
metrics to supergravity solutions we will find that in light-cone gauge they reduce, in the 4d
case, to the (2, 2) supersymmetric sine-Gordon model which is equivalent to the PR model for
the AdS2 × S2 superstring [18], and, in the 6d case, to a fermionic extension of the sum of the
complex sine-Gordon and complex sinh-Gordon models which is equivalent to the PR model
[20] for the AdS3×S3 superstring and has hidden (4,4) supersymmetry. In the AdS2×S2 case,
we will also construct explicitly the quadratic fermion terms in the AdS2 × S2 analog of the
deformed supercoset action of [7] for κ = i and show that it also reproduces the PR model for
the AdS2 × S2 superstring [18]. A similar analysis should be possible for the AdS3 × S3 and
AdS5 × S5 cases as well.
We shall start in section 2 with a review of the 10d κ-dependent metric and B-field back-
ground corresponding [11] to the deformed AdS5×S5 model of [7] and then consider the special
limits of κ =∞ and κ = i and low-dimensional truncations.
The deformed AdS3 × S3 case will be discussed in detail in section 3, where we explain the
equivalence of the κ-deformed S3 metric to the symmetric case of the Fateev model and discuss
the relation between the κ = i limit of the deformed AdS3×S3 background and the Pohlmeyer
reduced model for the original undeformed AdS3 × S3 superstring theory.
Section 4 is devoted to the AdS2 × S2 case. We shall start with the deformed AdS2 × S2
supercoset Lagrangian constructed following [7] and show that its bosonic part corresponds to
the 4d truncation of the 10d κ-deformed metric. We shall then consider the κ = i case and
show its equivalence in the light-cone gauge to the PR model for the undeformed AdS2 × S2
supercoset. We shall also demonstrate that the deformed sigma model is one-loop UV finite
when expanded near a BMN-type geodesic.
In Appendix A we demonstrate the equivalence between the Fateev model [25] and the 2-
parameter SU(2) bi-Yang-Baxter sigma model of [10, 28]. Appendix B presents a review of the
4-parameter Lukyanov sigma model [26], which generalizes the Fateev model introducing a B-
4The “diagonal” (α = β) limit of the 2-parameter SU(2) YB model of [28] is the same as the SO(4)/SO(3)
coset deformation of [8] or the “symmetric” one-parameter case of the Fateev model. The one-parameter (β = 0)
case is the same as the original Yang-Baxter model of [9, 10] which, in the SU(2) case, is the squashed S3 model
known to be integrable since [29].
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field coupling. Appendix C contains the details of the construction of the deformed supercoset
action for AdS2 × S2 at κ = i and the demonstration of its equivalence to the Pohlmeyer
reduced model for the undeformed AdS2 × S2 superstring.
2 Deformed AdS5 × S5 model and its limits
The deformed AdS5 × S5 string action may be written as [7, 11]
S = 1
2
Tˆ
∫
d2σ
(
LG + LB + Lferm
)
, Tˆ = g(1 + κ2)1/2 , (2.1)
where Tˆ is the effective string tension5 LG is the string metric G part and LB is the 2-form
B or WZ part. The fermionic terms should contain couplings to eΦFk (k = 1, 3, 5) where Φ is
the dilaton (which is non-constant for generic κ) and Fk are RR fluxes. Φ and Fk (which are
presently unknown) should supplement G and B to give a type IIB supergravity solution to
ensure conformal invariance of the model as suggested by the fermionic kappa-symmetry of the
deformed action [7].
Explicitly, the deformed analog of the AdS5 metric is [11]
ds2A5 = −h(ρ)dt2 + f(ρ)dρ2 + ρ2
[
v(ρ, ζ) (dζ2 + cos2 ζ dψ21) + sin
2 ζ dψ22
]
, (2.2)
h =
1 + ρ2
1− κ2ρ2 , f =
1
(1 + ρ2)(1− κ2ρ2) , v =
1
1 + κ2ρ4 sin2 ζ
. (2.3)
For κ = 0 this is the standard global AdS5 metric with embedding coordinates X0 + iX5 =√
1 + ρ2eit, X1 + iX2 = ρ cos ζ e
iψ1 , X3 + iX4 = ρ sin ζ e
iψ2 . The deformed S5 metric is found
by a simple analytic continuation ρ→ ir and reversing the overall sign of the metric:
ds2S5 = h˜(r)dϕ
2 + f˜(r)dr2 + r2
[
v˜(r, θ) (dθ2 + cos2 θ dφ21) + sin
2 θ dφ22
]
, (2.4)
h˜ =
1− r2
1 + κ2r2
, f˜ =
1
(1− r2)(1 + κ2r2) , v˜ =
1
1 + κ2r4 sin2 θ
. (2.5)
The non-zero Bmn components in the two subspaces are
Bψ1ζ =
1
2
κ ρ4 sin 2ζ v(ρ, ζ) , Bφ1θ = −12κ r4 sin 2θ v˜(r, θ) . (2.6)
The deformed metrics (2.2), (2.4) have only the [U(1)]3 Cartan subgroups of the original
SO(2, 4) and SO(6) as their surviving symmetry. The deformed target space background
should not have (for generic value of κ) any manifest supersymmetry but the string model
(2.1) of [7] should have hidden symmetries due to its integrability.
Assuming that the above 10d metric and B-field background can indeed be completed to a full
type II supergravity solution6 the corresponding dilaton should satisfy the following equation
R + 4∇2Φ− 4(∇mΦ)2 − 112H2mnk = 0, i.e. ∇2e−Φ + 14(R− 112H2mnk)e−Φ = 0 . (2.7)
5We use the definition of the tension from [11]; the choice in [7] was Tˆ = g(1 + κ2)3/2.
6 This is a non-trivial assumption: it does not seem likely that a generic NS-NS (G,B) background may be
completed by a dilaton and RR fluxes to a type II supergravity solution. In the present case this is expected
provided the deformed supercoset model of [7] does indeed have an interpretation as a GS action in a type IIB
supergravity background [34]. This is supported, in particular, by its kappa-symmetry [7] and the special limits
of κ =∞ and κ = i when this is the case as discussed below.
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This equation does not appear to have a simple rational solution for the above background,
suggesting that the RR fluxes Fk should also have a complicated form, such that e
ΦFk is
rational. This is required to match the structure of the fermionic terms in (2.1) that should have
a rational dependence on coordinates, as implied by the construction of [7] for the coordinate
parametrization used in [11].
The deformed string metric (2.2) has a curvature singularity at ρ∗ = 1/κ; for larger values
the radial coordinate ρ becomes time-like, suggesting that strings are confined to the region
0 ≤ ρ ≤ 1/κ. Thus for κ 6= 0 the metric (2.2) no longer has a boundary (which reappears at
ρ =∞ if κ = 0). It is an open question if/how string theory resolves this singularity. It would
also be interesting to understand in detail whether string theory in the deformed geometry (2.3)
supplemented by the required fluxes and dilaton has a gauge theory dual. In the absence of
non-abelian isometries it should not have conformal or even Lorentz symmetry (and of course
no manifest supersymmetry).7
2.1 κ =∞ limit
Let us now consider the “maximal deformation” limit, κ → ∞ (or η = 1), in the string
action (2.1). If we formally take this limit in the metric (2.2), (2.3) we get
ds2A5,κ→∞ =
1
κ
2
d¯s
2
A5
, d¯s
2
A5
= (1 + ρ¯2)dt2 − (1 + ρ¯2)−1dρ¯2 + ρ¯2ds23 , (2.8)
ds23 =
dζ2
sin2 ζ
+ cot2 ζ dψ21 + ρ¯
−4 sin2 ζ dψ¯22 , (2.9)
ρ¯ ≡ ρ−1 , ψ¯2 ≡ κψ2 . (2.10)
Here we have redefined ρ and ψ2 (so that ψ¯2 is non-compact for κ → ∞). The corresponding
B term in (2.1), (2.6) becomes a total derivative in this limit and can be ignored. Performing
a formal T-duality along the ψ¯2 direction and changing the coordinate ζ → y we find that the
T-dual metric becomes (y ≡ ln tan ζ
2
)8
˜¯ds2A5 = ds
2
dS5
= −(1 + ρ¯2)−1dρ¯2 + (1 + ρ¯2)dt2 + ρ¯2(dy2 + sinh2 y dψ21 + cosh2 y d ˜¯ψ22) . (2.11)
This metric is the same as the metric of the de Sitter (dS5) space with ρ¯ now playing the role
of the time coordinate.9Thus, while at κ = 0 the metric (2.2) is that of the negative-curvature
AdS5 space, at κ =∞ it is T-dual to the positive-curvature dS5 metric.
Similarly, the κ → ∞ limit of the deformed S5 metric (2.4) becomes (after the analogous
coordinate transformations, r¯ = r−1, etc., and T-duality) the metric of the negative-curvature
7A singularity in the Einstein frame metric would suggest that the UV limit of this theory is in some sense
not well-defined perhaps due to deformation by an irrelevant operator. A similar conclusion may be reached by
analysing the deformation in coordinates in which the metric reduces to that of the AdS5 × S5 in the Poincare´
patch as κ → 0.
8We assume that the dual coordinate ˜¯ψ is rescaled by Tˆκ−2, where Tˆ is the string tension in (2.1).
9Setting ρ¯ = sinh ξ we get ds2dS5 = −dξ2 + cosh2 ξ dt2 + sinh2 ξ
(
dy2 + sinh2 y dψ21 + cosh
2 y d ˜¯ψ22
)
. The scalar
curvature of this metric is R = 20. One can introduce global coordinates in R1,5 such that this metric becomes
that of the positive-curvature surface −X20 +X21 +X22 +X23 +X24 +X25 = 1.
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euclidean AdS5 space or the hyperboloid H
5 (x ≡ ln tan θ
2
):10
˜¯ds
2
S5
= ds2H5 = (r¯
2 − 1)−1dr¯2 + (r¯2 − 1)dϕ2 + r¯2(dx2 + sinh2 x dφ21 + cosh2 x d ˜¯φ22) . (2.12)
We conclude that the κ-deformation interpolates between AdS5×S5 at κ = 0 and the T-dual of
dS5×H5 at κ =∞. This effectively confirms the conjecture made in [7]11 which was motivated
by a similar interpolation between the SU(2)/U(1) and SU(1, 1)/U(1) cosets observed in [8].
It is interesting to note that dS5×H5 is also a double Wick rotation of AdS5×S5 combined
with a Z2 interchange of the factors (the euclidean rotation of AdS5 is H
5 and the Minkowski
version of S5 is dS5). For that reason this space also solves the (complexified) type IIB super-
gravity equations if it is supported by an imaginary self-dual 5-form flux (the 5+5 Ricci tensor
blocks should change signs as compared to the AdS5 × S5 case, which is supported by a real
self-dual 5-form flux).12
Reversing the T-duality transformations along ψ2 and φ2 we get a type IIB supergravity solu-
tion (with the metric in (2.8), (2.9) and its S5 counterpart) supported by an imaginary constant
self-dual F5 flux and the following dilaton field (originating from the T-duality transformations)
Φ = ΦA + ΦS
(ΦA)κ=∞ = − ln(ρ¯2 cosh y) = ln(ρ2 sin ζ) , (ΦS)κ=∞ = − ln(r¯2 cosh x) = ln(r2 sin θ) . (2.13)
The fact that the κ = ∞ limit of the deformed background is a formal solution of type IIB
supergravity (with an imaginary F5 flux) verifies that the corresponding limit of the deformed
superstring action [7] should be describing a 2d conformal theory. However, the presence of an
imaginary eΦF5 coupling in the fermionic part of the string action suggests that the resulting
world-sheet theory is likely to be non-unitary.
This non-unitarity is probably related to a special nature of the limit κ =∞ (or η = 1): in
this case the quantum deformation parameter q in (1.1) approaches unity in the perturbative
string limit, g →∞.13
Interestingly, such a limit taken in the interpolating S-matrix [14, 16] with real q formally
10This metric of H5 is written in the hyperbolic slicing; its scalar curvature is R = −20. Indeed, one can
introduce global coordinates in R1,5 such that this metric becomes the metric of the negative-curvature surface
−X25 +X20 +X21 +X22 +X23 +X24 = −a2. Similarly, the de Sitter space corresponds to the positive-curvature
surface −X20+X25+X21+X22+X23+X24 = a2 (we set the radius a = 1 in above expressions). One may choose the
static coordinates as X0 =
√
a2 − ̺2 sinh(t/a), X5 =
√
a2 − ̺2 cosh(t/a), Xk = ̺nk (where nk are the 3-sphere
coordinates, nknk = 1) in which the dS5 metric becomes ds
2
dS5
= −(1− ̺2/a2)dt2 + (1− ̺2/a2)−1d̺2 + ̺2dΩ23.
The analogous metric for H5 is ds2H5 = (1 + ξ
2/a2)dφ2 + (1 + ξ2/a2)−1dξ2 + ξ2dΩ23.
11T-duality was not mentioned in [7] but at the level of the first-order formalism used in [8] it may be viewed
as a kind of canonical transformation (which is non-local in terms of the original coordinate fields).
12Such a solution of a non-unitary analytic continuation of type IIB supergravity was discussed earlier in [17].
13Since for κ → ∞ the metric in (2.8) scales as κ−2 and the tension in (2.1) goes as Tˆ ∼ gκ to get a finite
string action in this limit one would need to rescale g by κ. This will make q in (1.1) go to 1. Alternatively,
we may keep g fixed and rescale the string coordinates to cancel the overall factor of κ−1. In this case (in full
analogy with the AdS5 × S5 case [36, 37], using the static coordinates of footnote 9) we will end up with a
pp-wave limit of the dS5×H5 background, ds2 = 4dx+dx−+(x2r+y2m)dx+2+dxrdxr+dymdym. Then the 4+4
massive bosonic fluctuations found in light-cone gauge will be tachyonic. Similarly, the fermionic mass terms
(which will be imaginary due to the imaginary F5 flux) will also correspond to non-unitary tachyonic modes.
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corresponds to the mirror theory S-matrix (cf. [38])14 and in this context it is not clear why
non-unitarity should appear for real q. One possible resolution of this puzzle is to consider the
light-cone gauge-fixed string in the dS5×H5 background in static coordinates and formally in-
terchange the world-sheet coordinates or, equivalently, the world-sheet energy and momentum.
The dispersion relation of the tachyonic modes discussed in footnote 13 then becomes the usual
massive one. Assuming this prescription also extends to the interaction terms, the light-cone
gauge-fixed mirror theory should then be equivalent to the light-cone gauge-fixing of the string
in the dS5×H5 background with the world-sheet coordinates (and the corresponding conserved
charges) formally interchanged.
There is also a more general perspective on this (non)unitarity issue. The deformed AdS5
metric (2.2) contains factors of 1 − κ2ρ2 implying that ρ is formally restricted to the interval
0 ≤ ρ < κ−1 (ρ = κ−1 is the curvature singularity). Continuing ρ beyond κ−1 implies that
ρ becomes time-like, while t becomes space-like. Also, the RR fluxes may contain factors of√
1− κ2ρ2 and so they may become imaginary for ρ > κ−1. This may be an indication that
the “unphysical” region κ−1 ≤ ρ < ∞ is describing a non-unitary world-sheet theory. The
κ =∞ limit discussed above corresponds to the case when the “physical” region 0 ≤ ρ < κ−1
shrinks to a point while the “unphysical” one extends to the whole half-line. Starting with
the unitary light-cone gauge S-matrix found as in [11] in the “physical” 0 ≤ ρ < κ−1 region
and taking the formal limit κ → ∞ corresponds effectively to switching to the S-matrix in
the “unphysical” region. It should be noted that the light-cone gauge fixing and κ →∞ limit
need not commute. Indeed, the original BMN geodesic in the 0 ≤ ρ < κ−1 region may become
complex in the “unphysical” region, while the non-unitarity of the dS5 × H5 S-matrix refers
to the expansion near a different vacuum – the real BMN type geodesic in static coordinates.
This may be a resolution of the tension with unitarity of the mirror S-matrix.
Finally, let us note also that this intriguing relation of AdS5×S5 to its double Wick rotation
dS5 ×H5 via the η-deformation is potentially hinting at a more universal description in terms
of complexification of the underlying (super)group or in terms of its “double” (cf. [9]).
2.2 κ = i limit
Even though the model of [7] is defined for real η, let us study the formal limit of η → i or
κ → i as it has some interesting features and, in particular, establishes a connection to the
Pohlmeyer reduced model for the original (κ = 0) AdS5 × S5 superstring.
Directly setting κ = i in the metrics (2.2) and (2.4) we observe that t and ϕ directions
decouple
ds2A5,κ=i = −dt2 + ds2A⊥ , ds2A⊥ =
dρ2
(1 + ρ2)2
+ ρ2
[dζ2 + cos2 ζ dψ21
1− ρ4 sin2 ζ + sin
2 ζ dψ22
]
, (2.14)
ds2S5,κ=i = dϕ
2 + ds2S⊥ , ds
2
S⊥ =
dr2
(1− r2)2 + r
2
[dθ2 + cos2 θ dφ21
1− r4 sin2 θ + sin
2 θ dφ22
]
. (2.15)
14The mirror theory is found via a double Wick rotation on the world sheet in the light-cone gauge [39]. The
mirror TBA was discussed for complex q equal to root of unity in [40].
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Thus the 10d metric factorizes as Rt × S1ϕ ×M4A ×M4S. 15 The B-field in (2.6) becomes imag-
inary, implying that the resulting string action will represent an integrable but non-unitary
theory. This is not surprising since for κ = i the q-parameter in (1.1) is complex and thus the
corresponding light-cone S-matrix becomes non-unitary (cf. [14, 22, 41, 40, 42, 11]).
Another indication that this limit is special is that the resulting light-cone S-matrix is rela-
tivistically invariant: the decoupling of the two directions t, ϕ implies that the light-cone gauge
fixing is straightforward (as in flat and pp-wave space examples) and does not break 2d Lorentz
invariance. As we shall see, this limit is closely related to the Pohlmeyer reduced model [18, 20]
for the undeformed AdS5 × S5 superstring which has a relativistic massive S-matrix.
As in the κ →∞ case discussed above, there is, however, a subtlety to be addressed: in the
formal substitution of κ = i into the metric we ignored the fact that the effective tension in
(2.1) vanishes. To get a non-zero string action we thus need to either (i) rescale g (taking it to
infinity as κ → i so that Tˆ in (2.1) stays finite) or (ii) keep g fixed and compensate Tˆ going to
zero by rescaling string coordinates (as in the standard pp-wave limit, see, e.g., [43]). Let us
follow the first route but also correlate κ → i with a rescaling of just t and ϕ in (2.2), (2.4).
This allows us to define the κ → i limit in a non-trivial way, so that the t, ϕ directions do not
automatically decouple:
κ
2 = −1 + s ǫ2 , t = ǫ−1x+ − ǫx− , ϕ = ǫ−1x+ + ǫx− , ǫ→ 0 , (2.16)
where s is an arbitrary constant. Then from (2.2), (2.4), (2.6) we get the following pp-wave
type 10d metric and B-field
ds2 = 4dx+dx− − s[V (α) + V˜ (β)]dx+2 + ds2A⊥ + ds2S⊥ , (2.17)
V (α) = sin2 α , V˜ (β) = sinh2 β , ρ ≡ tanα , r ≡ tanh β , (2.18)
ds2A⊥ = dα
2 + tan2 α
[ dζ2 + cos2 ζ dψ21
1− tan4 α sin2 ζ + sin
2 ζ dψ22
]
, (2.19)
ds2S⊥ = dβ
2 + tanh2 β
[ dθ2 + cos2 θ dφ21
1− tanh4 β sin2 θ + sin
2 θ dφ22
]
, (2.20)
Bψ1ζ = i
tan4 α sin ζ cos ζ
1− tan4 α sin2 ζ , Bφ1θ = −i
tanh4 β sin θ cos θ
1− tanh4 β sin2 θ , (2.21)
where the 4d “transverse” metrics (2.19), (2.20) are the same as in (2.14), (2.15) after the
coordinate transformations. Fixing the light-cone gauge x+ = µτ (and ignoring the fermions)
then gives the direct sum of two bosonic relativistic interacting integrable massive models.16
Note that s = 0 is the case of the naive κ = i limit in (2.14), (2.15) where the light-cone gauge
theory had no potential. The case of s < 0 leads to negative-definite potential, so in what
follows we set s = 1.17
The resulting theory of 4 + 4 massive bosons looks very similar to the bosonic truncation
of the generalized sine-Gordon model that appeared as the Pohlmeyer reduction (PR) of the
15The scalar curvature of M4A is R =
2
ρ2
[
2
(
1− ρ4 sin2 ζ)− 4 (ρ2 + 1)− 28(ρ2+1)2
(1−ρ4 sin2 ζ)2
+
6(3ρ2+5)(ρ2+1)
1−ρ4 sin2 ζ
]
.
16Expanding in small α and β gives a theory of 4+4 massive fields.
17The norm of s does not matter as it can be absorbed into a rescaling of x+ and x− or µ.
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AdS5 × S5 superstring [18]. One may wonder if there is a gauge fixing of the gWZW model
representing the PR of the AdS5 × S5 string [18] that leads directly to this light-cone theory.
This may seem unlikely for several reasons: (i) the PR action is real, while the κ = i limit leads
to an imaginary WZ term; (ii) the metric of the G/H gWZW model with non-abelian H , found
after solving for the H-gauge field, should have no isometries [18], while here we have four U(1)
isometries; (iii) there is no B-field coupling in the gWZW model with maximal subgroup H
gauged [18], while the κ = i limit leads to a non-zero (and imaginary) WZ term; (iv) the metric
of the G/H gWZW model with non-abelian H does not admit a perturbation theory around a
simple vacuum, while here there is a well-defined expansion around the α = β = 0 point.
There are, however, hints of a close connection between the two theories. As observed earlier,
to retain a finite string tension while taking κ → i we also need to take g → ∞. Therefore,
it is natural to expect that the S-matrix for the massive excitations of the light-cone theory
originating from (2.17) should be related to the strong coupling limit of the interpolating S-
matrix [14, 16] with q as a phase.18 This S-matrix is not unitary, which is a reflection of the
non-reality of the light-cone gauge Lagrangian mentioned above.
The connection between the interpolating S-matrix in this limit and the Pohlmeyer reduction
of the AdS5×S5 superstring was observed in [15] and discussed in detail in [22, 41]. While there
is no precise agreement, at tree-level the S-matrix of the PR theory is given by the parity-even
(unitary) piece of the interpolating S-matrix.19 This can also be seen explicitly in the expansion
to quartic order of the light-cone gauge theory corresponding to (2.17)–(2.21):
L = −∂iα∂iα− (α2 + 2α43 )
(
∂iζ∂
iζ + cos2 ζ ∂iψ1∂
iψ1 + sin
2 ζ ∂iψ2∂
iψ2
)
− µ2(α2 − α4
3
)
−∂iβ∂iβ − (β2 − 2β43 )
(
∂iθ∂
iθ + cos2 θ ∂iφ1∂
iφ1 + sin
2 θ ∂iφ2∂
iφ2
)
− µ2(β2 + β4
3
)
+ iα4 sin 2ζ ǫij∂iψ1∂jζ − iβ4 sin 2θ ǫij∂iφ1∂jθ +O(α6) +O(β6) . (2.22)
Introducing the fields
Z1 + iZ2 = α cos ζ e
iψ1 , Z3 + iZ4 = α sin ζ e
iψ2 , (2.23)
Y1 + iY2 = β cos θ e
iφ1 , Y3 + iY4 = β sin θ e
iφ2 , (2.24)
we find that the metric part of (2.22) (the first two lines) matches the quartic bosonic terms of
the PR action in [21], and thus the corresponding tree-level S-matrix (with non-unitary B-field
terms omitted) should match the tree-level PR theory S-matrix in [21]. At the same time, while
the tree-level PR S-matrix of [21] did not satisfy the standard classical Yang-Baxter equation,
the S-matrix corresponding to the above light-cone gauge theory with the imaginary B-field
terms included will satisfy it (in agreement with the classical integrability [7] of the deformed
theory for any κ).
18There are different ways to take the strong coupling limit of the interpolating S-matrix [14, 16] (see, e.g.
[15]). In particular, in [40] it was pointed out that, depending on the scaling of the world-sheet momentum, one
can arrive at either a massless dispersion relation, which should correspond to s = 0 in (2.16), or the massive
PR dispersion relation, corresponding to s = 1.
19Note that an alternative gauge fixing, bypassing the use of the metric of the G/H gWZW model, was used
in [21] to set up a perturbative expansion around the trivial vacuum.
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It is also interesting to note that deforming the AdS5 metric and taking κ → i gives rise to
a model that is similar to the PR of the string on R × S5, and vice versa – the κ = i limit of
the deformed S5 is similar to the PR of the string on AdS5 × S1. Thus the roles of AdS5 and
S5 appear to be interchanged as we move from κ = 0 to κ = i. Interestingly, this is a feature
that was observed in the S-matrix picture via an analysis of the scattering of bound states in
the interpolating theory with q being a phase [44].
In [42] it was claimed that the S-matrix for the physical states of the PR model should be
given by the vertex-to-IRF transformation of the interpolating S-matrix with q being a phase.
The resulting S-matrix is unitary and also has the perturbative tree-level S-matrix of [21] as a
limit. It remains to be seen if this transformation can be lifted precisely to a relation between
the “pp-wave” model (2.17)–(2.21) and the PR model of [18].
As we shall demonstrate below in sections 3 and 4, upon dimensional reduction to deforma-
tions of the AdS3 × S3 and AdS2 × S2 theories the relation between the κ = i deformed string
theory and the PR model for the undeformed theory becomes much more straightforward.
2.3 Consistent truncations to low-dimensional models
The bosonic part of the model (2.1)–(2.6) is classically integrable [7] and thus any consistent
truncation of the corresponding string equations yields a classically integrable string model.
A 3d truncation of the metric in (2.2), (2.3) is found by setting ζ = ψ2 = 0, ψ1 ≡ ψ:20
ds2A3 = −h(ρ)dt2 + f(ρ)dρ2 + ρ2 dψ2 . (2.25)
The scalar curvature of this metric is R = −2[3+κ2−(3−κ2)κ2ρ2+κ4ρ4]
1−κ2ρ2 . Similarly, from (2.4), (2.5)
we get (φ1 ≡ φ)
ds2S3 = h˜(r)dϕ
2 + f˜(r)dr2 + r2 dφ2 . (2.26)
The B-field (2.6) vanishes, i.e. we get purely metric 3d integrable models that represent the
κ-deformations of AdS3 and S
3 respectively.
Reducing further by setting ψ = 0 in (2.25) and φ = 0 in (2.26) gives two 2d metrics
ds2A2 = −
1 + ρ2
1− κ2ρ2dt
2 +
dρ2
(1 + ρ2)(1− κ2ρ2) , (2.27)
ds2S2 =
1− r2
1 + κ2r2
dϕ2 +
dr2
(1− r2)(1 + κ2r2) . (2.28)
These are κ-deformations of AdS2 and S
2 which, like (2.25) and (2.26), are related by an
obvious analytic continuation.
Let us note that since the bosonic model based on the deformed S5 = SO(6)/SO(5) met-
ric (2.4) (or deformed AdS5 metric (2.2)) can be obtained directly using the deformed coset
construction of [8], the same applies to their truncations to lower-dimensional SO(n+1)/SO(n)
20Note that setting ψ1 = ψ2 = 0 is not a consistent truncation because of the B-field (2.6) contribution to
the ψ1 equation of motion.
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cosets with n = 3, 2. Indeed, a metric equivalent to (2.28) was found in [8] as representing the
deformed SO(3)/SO(2) coset, and (2.26) should be the metric for the similarly deformed coset
SO(4)/SO(3).
We shall study the deformed AdS3 × S3 and AdS2 × S2 models in detail in sections 3 and 4.
As we shall explain below, the models based on (2.28) and (2.26) are actually not new: they are
well-known deformations of the S2 and S3 sigma models constructed in [27] and [25] respectively,
and their classical integrability was proven earlier in [26].
An interesting open question is how to promote these classical integrable models to 10d
conformal superstring sigma models that represent deformations of AdS3×S3×T 4 and AdS2×
S2×T 6 models. This requires finding the dilaton and other fluxes that together with the above
metrics solve the 10d type II supergravity equations of motion.
3 Deformed AdS3 × S3 model
Let us now consider in detail the model whose bosonic part is given by the deformation of the
AdS3 = SO(2, 2)/SO(1, 2) and S
3 = SO(4)/SO(3) cosets, i.e. with a metric which is the sum
of (2.25) and (2.26).
Since the two 3d metrics are related by an obvious analytic continuation let us concentrate
on the structure of the κ deformation of S3 in (2.26), i.e.
ds2S3 =
dr2
(1− r2)(1 + κ2r2) + r
2dφ2 +
1− r2
1 + κ2r2
dϕ2 . (3.1)
Here φ and ϕ are two U(1) isometry directions and, in addition to U(1)×U(1), this model also
has a discrete Z2 symmetry (the dr
2 term is invariant under this change)
φ↔ ϕ , r →
√
1− r2
1 + κ2r2
. (3.2)
A 3d metric with exactly the same symmetries is a special case of Fateev’s [25] 2-parameter
renormalizable deformation of the SU(2) principal chiral model which is known to be classically
integrable [26]: as we shall explain in subsection 3.1 below, the sigma model based on (3.1) is
the same as the “symmetric” case of the Fateev model.
Furthermore, we shall demonstrate in Appendix A that the recently constructed 2-parameter
family of integrable Yang-Baxter deformations of the principal chiral model for group G [10, 28]
is equivalent to Fateev model in the G = SU(2) case and thus also contains (3.1) as its special
equal-parameter case.21 Thus (3.1), which corresponds to the deformation of SO(4)/SO(3)
constructed according to [8], is at the same time a special case of the Fateev model [25] and
also a special case of the bi-Yang-Baxter sigma model of [28].
The AdS3×S3 case is special compared to the AdS5×S5 and AdS2×S2 cosets as it also has an
interpretation in terms of a product of group spaces. In this case the bosonic S3 (and AdS3) part
has a two-parameter integrable deformation [25, 28], and there is also a further deformation [26]
21That the coset deformation of [8] for the SO(4)/SO(3) case is equivalent to the equal-parameter case of
the SU(2) model of [28] was mentioned to us by the authors of [7].
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that includes a non-zero B-field coupling (i.e. a WZ term) which we shall discuss in Appendix
B. This gives a 3-parameter deformation of the S3 model with the extra parameter being the
coefficient q of the WZ term (with q = 0 being the S3 model and q = 1 corresponding to the
SU(2) WZW model). With the deformation parameters in the two bosonic factors identified,
there should then exist the corresponding 2-parameter deformation of the AdS3×S3 supercoset
model with mixed 3-form flux discussed in [30, 45]. This then suggests that there should exist
an extension of the G,B background by the dilaton and RR fluxes that preserves conformal
invariance. It should be noted, however, that already in the presence of the single-parameter
κ-deformation the dilaton becomes non-trivial and thus S-duality transformations of the type
IIB theory will change the sigma model (string-frame) metric. Consequently, there will no
longer be any symmetry between the NS-NS and R-R choices of 2-form background.22 For that
reason it would be best to study the 2-parameter deformations of the cases q = 0 and q = 1
separately. Apart from in Appendix B, here we will consider only the q = 0 case, i.e. without
B-field coupling.
Like the AdS5×S5 model, the κ-deformed AdS3×S3 model admits two special cases: κ =∞
and κ = i. Taking the limit κ → ∞ in (3.1) and introducing r¯ = r−1 and φ¯ = κφ we get
ds2S3 = κ
−2[(r¯2 − 1)−1dr¯2 + r¯−2dφ¯2 + (r¯2 − 1)dϕ2]. This becomes equivalent to the metric of
euclidean AdS3 space, i.e. the hyperboloid H
3 or euclidean SL(2, R) group space, after T-
duality in the φ¯ direction. Thus, in this sense, the κ-deformation relates the AdS3 × S3 coset
to dS3×H3. Interestingly, κ = 0 and κ =∞ correspond to the two (IR and UV) asymptotics
of the RG flow in the deformed S3 model [26].23
The κ = i limit of the deformed AdS3×S3 coset will be discussed in subsection 3.2. We shall
see that the metric takes the pp-wave form which in the light-cone gauge reduces to the sum
of the complex sine-Gordon model and its analytic continuation, which is precisely the bosonic
part of the Pohlmeyer reduced theory for AdS3 × S3 (times T 4) superstring theory [18, 20].
Furthermore, we shall find the dilaton and RR 3-form flux which promote, as in [31, 32, 33], this
metric to a type IIB supergravity solution. The fermionic part of the corresponding superstring
Lagrangian is then found to match the fermionic part of the PR theory for the AdS3 × S3
superstring [20]. Thus the κ = i limit of the deformed AdS3 × S3 supercoset should represent
an exact embedding of the PR model of the undeformed (κ = 0) supercoset into string theory.
3.1 κ-deformed S3 as the “symmetric” case of the Fateev model
Ref. [25] proposed a two-parameter deformation the O(4) sigma model that (i) preserves U(1)×
U(1) symmetry and (ii) is perturbatively renormalizable, i.e. that the change of the sigma
model metric under the RG flow (a shift by its Ricci tensor at one-loop order) can be represented
by a change of the two deformation parameters (and the overall S3 “radius” coupling constant).
The Lagrangian for the field g ∈ SU(2) is [25]
LS3 =
1
2
[
(1 + ℓ)(1 + r)− ℓrM2]ηij
(
1
2
Tr[∂ig∂jg
−1] + ℓ L3iL
3
j + rR
3
iR
3
j
)
, (3.3)
22Also, S-duality need not, in general, preserve the integrability of string sigma model, cf. [2, 3].
23These are zeroes of the beta function for κ, but to have a fixed point for all couplings one needs a WZ term
[26] (see also Appendix B).
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where i, j = 1, 2 and (σa are Pauli matrices)
M =
1
2
Tr[gσ3g−1σ3] , Lai =
1
2i
Tr[∂igg
−1σa] , Rai =
1
2i
Tr[g−1∂igσa] . (3.4)
In (3.3) ℓ and r are two independent deformation parameters, and we shall also use24
d ≡ 1
2
(ℓ+ r) , c ≡ 1
2
(ℓ− r) . (3.5)
One may parametrize the SU(2) field as
g = n41l + inaσ
a , nana + n
2
4 = 1 , (3.6)
n1 + in2 = w e
iχ1 , n3 + in4 =
√
1− w2 eiχ2 , (3.7)
z ≡ n21 + n22 − n23 − n24 , w2 = 12(1 + z) . (3.8)
Then the 3d target space metric for the two-parameter model (3.3) becomes [25]
ds23 = U(z)dz
2 +D(z)dχ21 +D(−z)dχ22 + 2C(z)dχ1dχ2 , (3.9)
U(z) = (1− z2)−1Q(z) , Q ≡ 1
4
[
(1 + d)2 − c2 − (d2 − c2)z2]−1 , (3.10)
D(z) = 2(1 + z)
[
1 + d(1 + z)
]
Q(z) , C(z) = 2c (1− z2)Q(z) . (3.11)
As we shall show in Appendix A, this model is equivalent to the SU(2) case of the two-parameter
integrable deformation of the principal chiral model constructed in [10, 28]. On the one hand,
this gives a simpler demonstration of the integrability of the sigma model (3.9) than that in [26],
and on the other, it proves the renormalizability of the 2-parameter model of [10, 28] (checked
in the 1-parameter, r = 0, case in [46]).
There are two obvious special 1-parameter cases: left-right asymmetric (ℓ = 0 or r = 0) and
left-right symmetric (ℓ = r). For r = 0 we get d = c = 1
2
ℓ and the metric (3.9) becomes that of
the squashed S3 corresponding to the anisotropic SU(2) chiral model [29].
In the case of left-right symmetric deformation25
ℓ = r = d , c = 0 , (3.12)
the metric (3.9) simplifies to
ds2 = U(z)dz2 +D(z)dχ21 +D(−z)dχ22 , (3.13)
U(z) =
1
4(1− z2)[(1 + d)2 − d2z2] , D(z) =
1 + z
2
[
(1 + d)− dz] . (3.14)
This metric is manifestly invariant under the Z2 symmetry: z → −z and χ1 ↔ χ2. It is indeed
equivalent to (3.1) under the following identification of the coordinates and parameters:
r2 =
1 + z
2
[
(1 + d)− dz] , φ = χ1 , ϕ = χ2 , κ2 = 4d(1 + d) . (3.15)
24We have extracted the overall scale so that the other the parameters used in [25] are u = 1, a2 =
(1 + ℓ)(1 + r), b2 = ℓr.
25Another special 1-parameter case is ℓ = −r = c, d = 0 so that Q(z) = 14 (1−c2+c2z2)−1, U(z) = (1−z2)−1Q,
D(z) = 2(1 + z)−1Q , C(z) = 2c(1 − z2)Q . Performing T-dualities along χ1 and χ2 we get the metric
ds2 = dz
2
4(1−z2)(1−c2+c2z2) +
2
1+zdχ˜
2
1 +
2
1−zdχ˜
2
2 − 4cdχ˜1dχ˜2 and zero B-field coupling.
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Note that r2 = 1
2
(1+ z)+O(κ2), i.e. in the undeformed case r is same as w in (3.7) (cf. (3.8)).
Let us note that the metric (3.9) becomes flat for d = −1
2
, i.e. ℓ + r = −1. In this case
we see from (3.15) that κ = i, but the change of variables r → z degenerates, so there is no
contradiction with the fact that the metric (3.1) remains non-trivial for κ = i: rescaling z in
(3.9) together with taking d→ −1
2
gives the metric in (3.1).
As was mentioned above, there should exist an integrable 2-parameter deformation of the
AdS3×S3 supercoset model whose bosonic part is given by the direct product of the 2-parameter
deformed S3 (3.9) and the similarly deformed (with the same parameters) AdS3. To be sure
that this deformation will represent a conformal model one needs to find the corresponding
dilaton and type IIB fluxes promoting such a 3+3 dimensional metric to an exact type IIB
supergravity solution. Finding such a solution at the moment is an open problem even in the
case of the symmetric 1-parameter deformation.
3.2 κ = i limit: equivalence to the PR model for the AdS3 × S3 superstring
To shed light on the underlying type IIB background and to establish a relation to the PR
model for the AdS3×S3 superstring, let us now consider the special κ = i limit of the deformed
AdS3×S3 model (2.25), (2.26). Directly setting κ = i in this deformed AdS3×S3 metric leads
to the decoupling of the coordinates t and ϕ. Coupling this limit with a nontrivial rescaling
of these coordinates as described in eq. (2.16) leads to a non-trivial pp-wave metric which is a
truncation of (2.17) (we set s = 1)
ds2 = 4dx+dx− − [V (α) + V (β)] dx+2 + dα2 + tan2 α dψ2 + dβ2 + tanh2 β dφ2 , (3.16)
V (α) = sin2 α , V (β) = sinh2 β , ρ ≡ tanα , r ≡ tanhβ .
Fixing light-cone gauge, x+ = µτ , we find the following Lagrangian
Ll.c. = −(∂iα∂iα + tan2 α ∂iψ∂iψ + µ2 sin2 α)− (∂iβ∂iβ + tanh2 β ∂iφ∂iφ+ µ2 sinh2 β), (3.17)
which is precisely the bosonic part of the PR Lagrangian for strings moving on AdS3 × S3 [18,
20]. Note that as in the AdS5 × S5 case, the roles of the AdSn and Sn spaces appear to be
interchanged, i.e. the κ → i limit of the deformed AdS3 metric gives the PR of the string on
R × S3 (after fixing light-cone gauge), and vice versa – the κ → i limit of the deformed S3
leads to the PR of the string on AdS3 × S1.
Let us now extend the direct product of the pp-wave space (3.16) and a torus T 4 to a full
solution of type IIB supergravity by finding the corresponding dilaton and 3-form RR flux that
solve the equations (we shall assume that all other fluxes vanish)26
R + 4∇µ∇µΦ− 4∇µΦ∇µΦ = 0 , (3.18)
Rµν + 2∇µ∇νΦ = 14e2Φ
(
Fµ
ρσFνρσ − 16gµνF ηρσFηρσ
)
, (3.19)
∂[µFνηρ] = 0 , ∂µ(
√−gF µνρ) = 0 . (3.20)
26Note that since F3 will be assumed to be non-zero only in 6d subspace, its stress tensor is traceless (or,
equivalently, F ηρσFηρσ = 0) and thus R+2∇2Φ = 0. Then the dilaton equation may be written as ∇2e−2Φ = 0.
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Let us change the coordinates to complex u, w so that (3.16) becomes
ds2 = 4dx+dx− − (|u|2 + |w|2) dx+2 + du du¯
1− |u|2 +
dw dw¯
1 + |w|2 , (3.21)
u = sinα eiψ , w = sinh β eiφ . (3.22)
The Ricci scalar of this metric is non-zero because of the curved transverse space
R =
4
1 + |w|2 −
4
1− |u|2 . (3.23)
The solution to the dilaton equation can be written as
Φ = − ln f(|u|2)− ln g(|w|2) , (3.24)
f(x) =
√
1− x [c1Pv(−1 + 2x) + c2Qv(−1 + 2x)] , v = 12(c0 − 1) ,
g(x) =
√
1 + x [c3Pv(1 + 2x) + c4Qv(1 + 2x)] . (3.25)
Here cn are integration constants, c0 is the separation constant appearing when splitting equa-
tion (3.18) as E(u) = c0, E(w) = −c0. Pv and Qv are the two independent solutions of the
Legendre equation, where Qv has logarithmic singularities and can thus be ignored. Pv is a
polynomial if the index v is an integer. The simplest choice is v = 0 (c0 = 1) when P0 = const
and thus
Φ = Φ0 − 12 ln(1− |u|2)− 12 ln(1 + |w|2) . (3.26)
The transverse metric in (3.21) and the dilaton (3.26) represent of course the direct sum of the
familiar 2d black hole (SL(2, R)/U(1)) solution and its analytic continuation. It follows from
(3.26) that Rµν + 2∇µ∇νΦ has only one non-zero component
R++ + 2∇+∇+Φ = 4(1− |u|2 + |w|2) . (3.27)
It is readily seen that it can be balanced by the solution for the RR 3-form flux Fµνρ with the
following real potential27
C2 = i
1√
2
e−Φ0
[
cos γ (1 + |w|2)(udu¯− u¯du) + sin γ (1− |u|2)(wdw¯ − w¯dw)] ∧ dx+ , (3.28)
where γ is a free parameter. Motivated by matching the Pohlmeyer reduction of the AdS3×S3
string [20], which has a formal Z2 symmetry interchanging the AdS3 and S
3 parts, a natural
choice for γ is π
4
, i.e.
cos γ = sin γ = 1√
2
. (3.29)
The above pp-wave type background M6×T 4 thus represents the embedding of the direct sum
of the complex sine-Gordon model and its analytic continuation (3.17) into 10d type IIB string
theory and thus belongs to the class of models discussed in [31, 32, 33].28
27We use the following conventions: F3µνρ = (dC2)µνρ = ∂µC2νρ + ∂νC2ρµ + ∂ρC2µν , C2 =
1
2C2µνdx
µ ∧ dxν ,
F3 =
1
6F3µνρdx
µ ∧ dxν ∧ dxρ .
28The embedding of this integrable model considered in [33] used a particular F5 background instead of the
F3 background considered here.
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It is straightforward to find the quadratic fermionic term in the GS superstring action cor-
responding to the above pp-wave background
LF2 = i(η
ijδIJ + ǫijσIJ3 )θ¯
I/eiD
JK
j θ
K , /ei = ΓAe
A
M(X)∂iX
M , (3.30)
DJKi = ∂iX
MDJKM , D
JK
M = (∂M +
1
4
ωM
ABΓAB)δ
JK +
1
8
eφ /F(3)ΓMσ
JK
1 . (3.31)
Here /F(n) =
1
n!
FA1...AnΓ
A1...An and we assume conformal gauge. The fermions θI (I = 1, 2) are
the two IIB Majorana-Weyl spinors, and σIJ1 , σ
IJ
3 are Pauli matrices.
29 The explicit form of the
product of the F3 form corresponding to (3.28) and the dilaton factor that enters the covariant
derivative is
eΦF3 = i
[√
1 + |w|2
√
1− |u|2(e2 ∧ e2¯ + e4 ∧ e4¯)+ u¯w¯ e2 ∧ e4 − uw e2¯ ∧ e4¯] ∧ e+ . (3.32)
Fixing the light-cone gauge
x+ = µτ , Γ+θI = 0 , (3.33)
and rescaling the fermions by 1√
µ
we find (∂± = 12(∂0 ± ∂1))
LF2 = iθ¯
1Γ−
[
∂− +
1
8
u∂−u¯− u¯∂−u
1− |u|2 Γ
22¯ − 1
8
w∂−w¯ − w¯∂−w
1 + |w|2 Γ
44¯
]
θ1
+iθ¯2Γ−
[
∂+ +
1
8
u∂+u¯− u¯∂+u
1− |u|2 Γ
22¯ − 1
8
w∂+w¯ − w¯∂+w
1 + |w|2 Γ
44¯
]
θ2 (3.34)
+1
8
µ θ¯IΓ−
[√
1 + |w|2
√
1− |u|2(Γ22¯ + Γ44¯)+ u¯w¯ Γ24 − uw Γ2¯4¯]σIK1 θK ,
where we have used that {Γ+,Γ−} = −2η+− = 4. Returning to the original coordinates in
(3.17) (cf. (3.22)) this can be rewritten as30
LF2 = iθ¯
1Γ−
[
∂− − 12 tan2 α ∂−ψ1Γ23 + 12 tanh2 β ∂−φ1Γ45
]
θ1
+iθ¯2Γ−
[
∂+ − 12 tan2 α ∂+ψ1Γ23 + 12 tanh2 β ∂+φ1Γ45
]
θ2
− i
4
µθ¯IΓ−
[
cosα cosh β
(
Γ23 + Γ45
)
(3.35)
− sinα sinh β[ cos(ψ1 + φ1)(Γ25 + Γ34)− sin(ψ1 + φ1)(Γ24 − Γ35)]
]
σIK1 θ
K .
Since the bosonic part of the light-cone gauge action is precisely the bosonic part of the action
of the Pohlmeyer reduction of the AdS3 × S3 superstring [20], it is natural to expect that the
29We use the metric η+− = − 12 , η22¯ = η44¯ = 12 , ηij = δij and e+ = dx+ , e− = 4dx− + (|u|2 + |w|2)dx+ ,
ei = dzi , e2 = du√
1−|u|2
, e2¯ = du¯√
1−|u|2
, e4 = dw√
1+|w|2
, e4¯ = dw¯√
1+|w|2
. The non-zero components of the spin
connection are ω2¯2 = −ω22¯ = 14 udu¯−u¯du1−|u|2 , ω4¯4 = −ω44¯ = − 14 wdw¯−w¯dw1+|w|2 .
30We use that Γ22¯ = Γ2+i3,2−i3 = −2iΓ23, Γ44¯ = Γ4+i5,4−i5 = −2iΓ45, Γ24 = Γ2+i3,4+i5 = Γ24 − Γ35 +
iΓ25 + iΓ34, etc.
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fermionic parts also match. To compare (3.35) with quadratic fermionic term in the PR action
in [20] let us first decompose the fermions as
θI = θI|| + θ
I
⊥ , (1− Γ2345)θI⊥ = 0 , (1 + Γ2345)θI|| = 0 . (3.36)
θI|| and θ
I
⊥ are decoupled at the quadratic level and we find
LF2(θ⊥, θ||) = LF2(θ⊥) + iθ¯1||Γ
−
[
∂− − 12(tan2 α ∂−ψ1 − tanh2 β ∂−φ1)Γ23
]
θ1||
+ iθ¯2||Γ
−
[
∂+ − 12(tan2 α ∂+ψ1 − tanh2 β ∂+φ1)Γ23
]
θ2|| (3.37)
− i
2
µθ¯I||Γ
−
[
cosα cosh βΓ23 − sinα sinh β[ cos(ψ1 + φ1)Γ25 − sin(ψ1 + φ1)Γ24]
]
σIK1 θ
K
|| .
To make contact with [20] we should choose a particular representation for the 10d Dirac
matrices and also a solution to the light-cone gauge condition (3.33) and the orthogonal de-
composition (3.36) (different choices may lead to different identifications of the components of
θIm, m = 1, ..., 32, and the fermions in [20]). In the Majorana representation of the 10d Dirac
matrices and with left-handed fermions one finds that only θIm with m = 29, 30, 31, 32 survive
the various projections and the action becomes:
LF2 = LF2(θ⊥) + 8i
{
θ129∂+θ
1
29 + θ
1
30∂+θ
1
30 + θ
1
31∂+θ
1
31 + θ
1
32∂+θ
1
32
+ θ229∂−θ
2
29 + θ
2
30∂−θ
2
30 + θ
2
31∂−θ
2
31 + θ
2
32∂−θ
2
32
− tan2 α [∂−ψ1 (θ129θ130 + θ131θ132) + ∂+ψ1 (θ229θ230 + θ231θ232)]
+ tanh2 β
[
∂−φ1 (θ
1
29θ
1
30 + θ
1
31θ
1
32) + ∂+φ1 (θ
2
29θ
2
30 + θ
2
31θ
2
32)
]
−µ[ cosα cosh β (−θ230θ129 + θ229θ130 − θ232θ131 + θ231θ132) (3.38)
− sinα sinh β cos(ψ1 + φ1)(−θ232θ129 + θ229θ130 − θ231θ130 + θ230θ131)
− sinα sinh β sin(ψ1 + φ1)(+θ231θ129 − θ229θ131 + θ230θ132 − θ232θ130)
]}
.
Eq. (3.38) can then be mapped to the quadratic fermionic term in the Lagrangian of the PR
model for the AdS3 × S3 superstring [20] by identifying the fields as follows31
θ129 =
1
2
α , θ130 =
1
2
β , θ131 =
1
2
δ , θ132 =
1
2
γ ,
θ229 = −12σ , θ230 = 12ρ , θ231 = 12λ , θ232 = −12ν . (3.39)
The full light-cone gauge GS action for the background (3.16), (3.26), (3.28) also contains
quartic fermionic terms (whose presence is related to the curvature of the transverse space),
and there is no doubt that they should also match the quartic fermionic terms in the PR
action [20].
We conclude that the GS string with the κ = i metric as bosonic part, which should be the
κ = i limit of the deformed AdS3× S3 supercoset action (see footnote 6), should represent the
31 Here α, β, etc., are the fermionic fields used in [20]. Note also that ∂here± =
1
2 (∂0 ± ∂1) = 12∂there± .
18
embedding of the “massive” Pohlmeyer reduced model for the undeformed (κ = 0) AdS3 × S3
supercoset into superstring theory.
Let us note that, unlike the pp-wave solutions with flat transverse space, the type IIB solution
(3.16), (3.26), (3.28) does not have residual target-space supersymmetry (the same is true also
for the F5-flux supported background in [33]). One may nevertheless expect the existence of
hidden (4, 4) world-sheet supersymmetry in the corresponding superstring theory [33]. This
parallels the discussions in [18, 20, 47, 22, 48, 49] where it was argued that the PR theory for
the AdS3 × S3 superstring should have hidden supersymmetry.
4 Deformed AdS2 × S2 model
Let us now consider the deformation of the AdS2×S2 coset with the bosonic part given by the
sigma model corresponding to the metrics (2.27) and (2.28), i.e.
L = − 1 + ρ
2
1− κ2ρ2 (∂it)
2 +
1
(1− κ2ρ2)(1 + ρ2)(∂iρ)
2
+
1− r2
1 + κ2r2
(∂iϕ)
2 +
1
(1 + κ2r2)(1− r2)(∂ir)
2 . (4.1)
The 1-parameter deformed S2 model appearing here was first considered in [27] (with its integra-
bility shown in [26]) and then rederived as a special case of the 1-parameter coset deformation
construction in [8].
In the special limit κ →∞ the Lagrangian (4.1) directly reduces (up to overall κ−2 factor) to
that of the 2d de Sitter plus 2d hyperboloid (dS2×H2) model (without an additional T-duality
required in AdS5 × S5 case in section 2.1). In the κ = i limit (4.1) the target space metric
becomes flat; combining this limit with an additional rescaling of coordinates as in (2.16) then
leads to a 4d pp-wave model which is a truncation of (2.17) or (3.16).
Below we shall first show how (4.1) emerges as the bosonic part of the deformed AdS2 × S2
supercoset action constructed using the same method as in [7] and then discuss the special case
of κ = i.
4.1 Deformed supercoset Lagrangian
The superstring theory in AdS2 × S2 × T 6 is closely related [50] to the GS model based on the
supercoset [24]
PSU(1, 1|2)
SO(1, 1)× U(1) (4.2)
which belongs to the class of supercosets in which the denominator is the fixed point of a Z4
automorphism of the numerator. It moreover turns out that the construction of the fermionic
part of the action is quite sensitive to the Z4 action. A possible choice for its generator that
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proves to be particularly useful, given in Appendix C of [18], is32
ω(M) =
(−σ3M (a)tσ3 σ3M (f2)tσ3
−σ3M (f1)tσ3 −σ3M (s)tσ3
)
, M =
(
M (a) M (f1)
M (f2) M (s)
)
. (4.3)
This ω identifies the gauge group generators as diag(σ1, 0) and diag(0, iσ1).
The GS Lagrangian for this supercoset may be written as33
L0 = π
ij STr[Ji d0 Jj] , π
ij ≡ √−ggij − ǫij , (4.4)
Ji = g
−1∂ig , d0 ≡ P1 + 2P2 − P3 , (4.5)
where Pk are projectors onto subspaces with eigenvalue i
k under the action of the Z4 automor-
phism.
The one-parameter η-deformation of this supercoset Lagrangian constructed according to [7]
is34,35
L = cη π
ij STr[Ji dη ◦ 1
1− ηRg ◦ dη Jj] , (4.6)
dη ≡ P1 + 2c−1η P2 − P3 , cη ≡ 1− η2 . (4.7)
The operator Rg acts on the superalgebra as
Rg(M) = g
−1R(gMg−1)g , (4.8)
where the operator R multiplies the generators corresponding to the positive roots by −i, those
corresponding to the negative roots by +i and annihilates the Cartan generators. It is possible
to choose the positive roots to be generators whose nonzero entries are above the diagonal,
which corresponds to considering the distinguished Dynkin diagram for PSU(1, 1|2).36
Independently of the choice of Z4 automorphism, a systematic approach to expanding the
Lagrangian in terms of coordinate fields is to represent the action of the operators d and Rg in
the adjoint representation. We also introduce two auxiliary matrices A˜ and Aˆ:
dη(T
a) = dη
a
bT
b , R(T a) = RabT
b , gMg−1 = MaA˜abT b g−1Mg = MaAˆabT b ,(4.9)
where M is a generic element of the algebra of PSU(1, 1|2). Then
L = cη π
ij Jia JjdΩ
d
udη
u
vg
av Ω−1 ≡ 1l− η dηA˜RAˆ . (4.10)
32ω can be written in the form ω(M) = −K−1M stK, where K = diag(σ3, σ3) and st denotes the super-
transpose:
(
M (a) M (f1)
M (f2) M (s)
)st
=
(
M (a)t −M (f2)t
M (f1)t M (s)t
)
. Furthermore, this implies that ω satisfies ω(MN) =
−ω(N)ω(M).
33We use the normalization in which the (super)trace of squares of the bosonic Cartan generators equals 2.
34Recall that in terms of κ in (1.1) we have η = κ−1[
√
1 + κ2 − 1].
35 The action (2.1) corresponding to the Lagrangian in (4.6) is normalized as in [11].
36The relation between the deformations corresponding to different choices of Dynkin diagram is unclear.
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Using that gaedη
c
e = g
cedη
a
e the Lagrangian can be written in terms of Ω
b
cg
ce ≡ Ωbe, where Ωbe
may be interpreted as a deformation of the group-invariant metric gbe = STr[T bT e], to which
it reduces in the limit η → 0.
We parametrize the coset elements as [11]
g = gBgF , gB =
(
gA 02×2
02×2 gS
)
, gF = exp
(
02×2 f1
f2 02×2
)
, (4.11)
gA = e
1
2
itσ3
(
ρ+ iρ−
−iρ− ρ+
)
, ρ± =
1√
2
√√
ρ2 + 1± 1 , (4.12)
gS = e
1
2
iϕσ3
(
r+ r−
−r− r+
)
, r± =
1√
2
√
1±
√
1− r2 , (4.13)
with the fermions f1 and f2 related by a reality condition. The bosonic part of the La-
grangian (4.10), found by setting the fermions to zero, then coincides with (4.1), which is
a truncation of the deformed AdS5 × S5 model.
Using the parametrization of gF given in eq. (C.4) of Appendix C we can explicitly construct
the part of the deformed action quadratic in fermions. The resulting expression is rather
lengthly, hence we will not present it here. However, it is useful to perform a simple test of
one-loop UV finiteness of the deformed sigma model (4.4) by expanding to quadratic order in
fields around the BMN type geodesic t = ϕ = τ of the deformed metric in (4.1). Doing so we
find the following quadratic bosonic Lagrangian in conformal gauge37
L = −4∂+t˜∂−t˜ + 4∂+ϕ˜∂−ϕ˜+ 4∂+ρ∂−ρ− (1 + η
2)2
(1− η2)2ρ
2 + 4∂+r∂−r − (1 + η
2)2
(1− η2)2 r
2 , (4.14)
while the Lagrangian quadratic in fermions (again with a rescaling of the fields) is
L = −q1∂+q1 − s1∂−s1 − 1 + η
2
1− η2 q1s1 − q2∂+q2 − s2∂−s2 −
1 + η2
1− η2 q2s2 . (4.15)
Thus, apart from the unphysical (longitudinal) fluctuations t˜ and ϕ˜, we get 2 bosonic and 2
fermionic excitations with the same mass 1+η
2
1−η2 =
√
1 + κ2. As a result, the one-loop partition
function is finite.
4.2 Special case of κ = i
Taking the limit κ → i as in (2.16), (2.17) we get the following 4d pp-wave metric (cf. (3.16))38
ds2 = 4dx+dx− − V (α, β)dx+2 + dα2 + dβ2 , (4.16)
V = sin2 α + sin2 β = |ζ(v)|2 , ζ(v) = sin v , v = α+ iβ . (4.17)
37Note we have rescaled the fields to put the Lagrangian in canonical form. Recall that here we use ∂± =
1
2 (∂0 ± ∂1).
38Note that taking the limit κ = i directly in (4.1), i.e. without the rescaling of the coordinates as in (2.16),
gives a flat space 4d model. In general, the scalar curvatures of the 2d metrics (2.27) and (2.28) in (4.1) are
RA = −2(1+κ2)1+κ
2ρ2
1−κ2ρ2 and RS = 2(1+κ
2)1−κ
2r2
1+κ2r2 , i.e. they vanish for κ = i. While the curvature is invariant
under coordinate transformation in (2.16), this vanishing is still in agreement with the fact that the resulting
4d pp-wave metric has flat transverse part.
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As in [31, 32, 33] this pp-wave metric can be promoted to a string solution with constant dilaton
by adding a 4d vector field background (which may be viewed as an effective reduction of an
RR field strength in the 10d space M4 × T 6)
A = [ζ(v) + ζ¯(v¯)]dx+ , F = dA =
[
ζ ′(v)dv + ζ¯ ′(v¯)dv¯
]
dx+ . (4.18)
This F solves Maxwell’s equations and we also have R++ =
1
2
∂r∂rV = F+vF+v¯. This background
preserves 4d space-time supersymmetry.
The resulting light-cone gauge string action has a bosonic part which is the same as the
bosonic part of the PR action for the AdS2 × S2 superstring model [18, 20]. Furthermore, as
in the AdS5×S5 and AdS3×S3 cases the roles of the AdSn and Sn spaces are interchanged as
we interpolate from κ = 0 to κ = i.
The full PR action is the same as that of the (2,2) world-sheet supersymmetric sine-Gordon
model [18]. An equivalent action should be found from the GS action in the RR background
(4.18) in the light-cone gauge (the term quartic in fermions vanishes in the light-cone gauge).
The same fermionic terms come out of the light-cone gauge fixed supercoset Lagrangian (4.10)
computed in the light-cone kappa-symmetry gauge. We include some details of the derivation
in Appendix C where we also discuss the naive κ = i limit which leads to a flat space theory. 39
We conclude that the GS string theory with bosonic part given by the deformed AdS2 × S2
at κ = i is equivalent to the deformed AdS2×S2 supercoset model with κ = i (see footnote 6)
and represent an effective embedding of the massive integrable Pohlmeyer reduced model for
the AdS2 × S2 superstring into string theory.
5 Concluding remarks
In this paper we explored some limits and low-dimensional analogs of the deformed AdS5× S5
supercoset integrable model constructed in [7] with no explicit supersymmetry but with classical
quantum group symmetry.
A remarkable feature of this model is the relation [11] of the corresponding light-cone gauge
S-matrix to the real q deformed S-matrix [14, 16]. The latter also interpolates [22, 41, 16] (for
q being a root of unity) between the non-relativistic AdS5 × S5 “magnon” S-matrix and the
massive relativistic S-matrix of the Pohlmeyer reduced model for the AdS5 × S5 superstring.
We have studied the deformations of the low-dimensional AdS3 × S3 and AdS2 × S2 models
and in these cases made the relation to the Pohlmeyer reduced theory explicit at the Lagrangian
level. This was demonstrated by showing that in the κ = i limit the deformed model reduces
to a certain pp-wave model that, in light-cone gauge, becomes equivalent to the generalized
sine-Gordon model representing the PR theory for the undeformed supercoset. The details of a
similar Lagrangian relation in the AdS5× S5 case and the issue of (non-)unitarity in the κ = i
limit remain to be clarified.
We have also pointed out the possible existence of multiparameter deformations of the AdS3×
S3 supercoset, clarifying the relation between the deformed S3 bi-Yang-Baxter model of [10, 28]
and the Fateev model [25] which itself is a special case of the integrable 3d model found in [26].
39It appears that depending on the choice of Dynkin diagram, taking the limit κ → i in (4.10) may require
a rescaling of the fermionic variables.
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Among many other open questions, it would be important to understand the meaning of the
deformations suggested in [9, 10, 8, 7] at a path integral level. That may help confirm that
the deformed AdS5 × S5 model of [7] preserves the conformal invariance (as suggested by its
classical kappa symmetry) and thus that the corresponding target space background solves the
type IIB string Weyl invariance conditions. In fact, we have already provided several strong
tests of the UV finiteness of the deformed supercoset model: (i) at κ = ∞ it is related to the
finite dS5 × H5 model; (ii) at κ = i it is related to a finite pp-wave model representing the
superstring embedding of the PR model; (iii) in the deformed AdS2 × S2 case in section 4.1
we explicitly checked the one-loop UV finiteness by expanding near a BMN-type geodesic. It
would nevertheless be useful to confirm the one-loop finiteness of the model [7] for generic κ
and generic world-sheet background.
Assuming the deformed AdS5 × S5 model is one-loop finite, there is still a question about
higher loop orders, i.e. the inverse string tension α′ ∼ T−10 = g−1 corrections. While hidden
higher symmetries of the model of [7] may guarantee that its structure is preserved by divergent
(local) loop corrections, to maintain it as a solution of the type IIB superstring Weyl invariance
conditions one may need to deform the parameter κ order by order in 1/g (starting with 4-loop
α′3 ∼ g−3 order). If this happens, then the two parameters that enter the exact quantum light-
cone S-matrix may be non-trivial functions of κ and g appearing in the classical string action
(2.1). In this case the semiclassical expression for q [11] in (1.1) may require a modification.
While this paper was in preparation we received [52] which discusses a similar construction
to [7] except with the generalized sine-Gordon model as its starting point and then interpolating
to the Hamiltonian for the light-cone gauge superstring. Clarifying the relation between [52]
and [7] may help to understand this interpolation and the related issue of unitarity.
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A Equivalence of 2-parameter SU(2) Yang-Baxter sigma model
to Fateev model
It was shown in [10, 28] that the Lagrangian for g ∈ G
LK = (η
ij + ǫij)Tr
[
Ji
1
1− αR− βRg Jj
]
, Ji = g
−1∂ig = JiaT
a , (A.1)
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defines an integrable two-parameter (α, β) deformation of the principal chiral model for group
G.40 Here the operator R acts on the generators T a as follows: it multiplies the generators
corresponding to positive roots by i, the generators corresponding to negative roots by −i
and annihilates the Cartan subalgebra. The operator Rg acts on the algebra of G similarly to
eq. (4.8),
Rg(T
a) = g−1R(gT ag−1)g , R(T a) ≡ RabT b , (A.2)
where R is the part of R in eq. (4.8) which acts on the generators of one SU(2) factor and
Tr[T aT b] = 2δab. Then
LK = (η
ij + ǫij) Ωab(g) JiaJjb , (A.3)
Ω−1 = 1l− αR− βA(g)RA−1(g) , gT ag−1 ≡ Aab(g)T b . (A.4)
The deformation (A.1) may thus be interpreted as picking up a particular nonstandard (G
non-invariant and in general non-symmetric) group space “metric” Ω.
For G = SU(2) generated by the Pauli matrices one finds that Rab is given by
R =

 0 1 0−1 0 0
0 0 0

 . (A.5)
Choosing the following parametrization of the group element:
g = g3(φ1 + φ2) g1(r) g3(φ1 − φ2) , g3(φ) = exp( i
2
φσ3) , g1(r) = r1l + i
√
1− r2 σ1 , (A.6)
and using the explicit expressions for the matrices A(g) and R, one finds that the symmetric
and antisymmetric parts of Ω in (A.4) are
1
2
(Ω + ΩT ) = 1l−H−1
[
α2R2 + β2AR2A−1 − αβ(RARA−1 + ARA−1R)
]
, (A.7)
1
2
(Ω− ΩT ) = H−1(αR+ βAR2A−1) , H ≡ 1 + (α− β)2 + 4αβr2 . (A.8)
The antisymmetric part of Ω, representing a WZ-type term in (A.3), contributes just a total
derivative and thus may be ignored. The model is therefore defined by the symmetric part of
Ω corresponding to the following target space metric
ds2 =
1
1 + (α+ β)2r2 + (α− β)2(1− r2)
[ dr2
1− r2 + r
2
[
1 + (α + β)2r2
]
dφ21
+
(
1− r2) [1 + (α− β)2 (1− r2)] dφ22 + 2(α2 − β2)r2 (1− r2) dφ1dφ2
]
. (A.9)
40Let us note that this integrable deformation is different from the one based on a gauged WZW type
construction in [53, 54] , which is related [54] to non-abelian T-duality. Also, the parameters α, β here should
not be confused with coordinates used in the main text (cf. (3.16)).
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Using the notation as in (3.6)–(3.8) (with w → r, χ1 → φ1, χ2 → −φ2) the resulting Lagrangian
may be written also in a form similar to (3.3) (Rai ≡ Jai )
LK =
1
2(1 + α2 + β2 + 2αβM)
ηij
[
1
2
Tr(∂ig∂jg
−1) + (αL3i + βR
3
i )(αL
3
j + βR
3
j )
]
. (A.10)
Here M and L3i , R
3
i are defined as in (3.4) but now in terms of g given in eq. (A.6).
Despite the apparent dissimilarity between the Lagrangians in (A.10) and (3.3) there exists
a reparametrization that relates them, i.e. a coordinate transformation that maps the metric
(A.9) into the one in eq. (3.9). One is to identify the parameters and the radial coordinates as
follows:
α =
√
(d− c)(d + c + 1) =
√
r(ℓ+ 1) , β =
√
(d + c)(d− c + 1) =
√
ℓ(r + 1) ,
r2 =
1
2
+
(1 + 2d)z −
√[
(1 + d)2 − c2](d2 − c2) (1− z2)
2
[
(1 + d)2 − c2]− 2(d2 − c2)z2 . (A.11)
In the special case of β = 0 the matrix Ω in (A.4) becomes constant and the model reduces to
the squashed 3-sphere one
LK(β = 0) =
1
1 + α2
ηij
[
J1i J
1
j + J
2
i J
2
j + (1 + α
2)J3i J
3
j
]
. (A.12)
In the equal-parameter case,
α = β ≡ 1
2
κ , (A.13)
the metric (A.9) becomes diagonal and is readily seen to be equivalent to the metric in (3.1).
The coordinate transformation (3.15) then maps it to the symmetric case of Fateev model (3.13).
B 4-parameter integrable 3d model with a WZ term
Given that the 2-parameter Fateev model appears as a deformation of the SO(4)/SO(3) coset
there should exist a similar 2-parameter deformation of the AdS3×S3 supercoset with bosonic
part, consisting of a sum of the deformed AdS3 and S
3 spaces, being supported by some
combination of RR fluxes (and dilaton). At the same time, there is also another deformation
of the 3-sphere or SU(2) principal chiral model (and thus also of the AdS3 × S3 supercoset
[30, 45]) corresponding to adding a WZ term with an arbitrary coefficient q (with q = 1 as the
WZW model case). One should then expect to find an integrable 3-parameter deformation of
S3 (or AdS3) and thus of the AdS3 × S3 supercoset.
Indeed, a 4-parameter integrable deformation generalizing Fateev’s 2-parameter deformed
S3 model to the presence of a B-field coupling was constructed by Lukyanov [26]. Below we
shall review the sigma model of [26] and suggest that one of the two additional parameters is
related to the WZ deformation parameter q, while the other should have a “trivial” origin as
a T-duality (TsT or O(2, 2) duality) transformation parameter on the two isometric directions
of the model.
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The action of a 3d sigma model with two translational isometries along (χ1, χ2) may be
written as (cf. (3.9))
L = T
[
U(z)∂+z∂−z +D(z)∂+χ1∂−χ1 + Dˆ(z)∂+χ2∂−χ2
+(C +B)(z)∂+χ1∂−χ2 + (C − B)(z)∂+χ2∂−χ1
]
, (B.1)
where C is an off-diagonal 3d metric component and B is the coefficient in the 2-form B2 =
B(z)dχ1 ∧ dχ2. The functions in (B.1) have the following explicit form [26]41
U =
m2
4(1− z2)(1− κ2z2) ,
D = R2(1 + z)
[
2 + κ(p2 + p−2)− κ(2κ+ p2 + p−2)z]Q(z) ,
Dˆ = (1− z)[2 + κ(p2 + p−2) + κ(2κ+ p2 + p−2)z]Q(z) ,
C = κ(p2 − p−2)R(1− z2)Q(z) , Q(z) ≡ (c+ 1)(c¯− 1)
4(1− κ2)(c+ z)(c¯− z) ,
B = − m
c + c¯
(R + 1)
[
h(c2 − 1)(c¯− z)− h¯(c¯2 − 1)(c+ z)]Q(z) , (B.2)
c2 ≡ 1 + h
2
κ2 + h2
, c¯2 ≡ 1 + h¯
2
κ2 + h¯2
, m2 ≡ (κ+ p2)(κ + p−2) , R2 ≡ (c− 1)(c¯+ 1)
(c+ 1)(c¯− 1) . (B.3)
The 4 independent parameters used in [26] are κ, p, h, h¯, where κ ∈ [0, 1] should not be confused
with κ in (1.1), (2.3). In the special case of
h = h¯ = 0 , c = c¯ = κ−1 , R = 1 , Q(z) =
1
4(1− κ2z2) , (B.4)
the B-field vanishes and this model reduces [26] to the Fateev model (3.9) with the following
identification of parameters
d = 1
2
(ℓ+ r) = −1
2
κm−2(2κ+ p2 + p−2) , c = 1
2
(ℓ− r) = 1
2
κm−2(p2 − p−2) , (B.5)
a2 = (1 + ℓ)(1 + r) = m−2 , b2 = ℓr = κ2m−2 , (B.6)
ℓ = − κ
κ+ p2
, r = − κ
κ+ p−2
, κ2 =
ℓr
(ℓ+ 1)(r + 1)
, m2 =
1
(ℓ+ 1)(r + 1)
, (B.7)
with Dˆ(z) = D(−z). In the 1-parameter deformation case ℓ = r corresponding to p = 1 (see
(3.12), (3.15)) we have κ2 = 4ℓ(ℓ+ 1) while κ2 = ℓ
2
(ℓ+1)2
, i.e.
ℓ = r =
κ
1− κ , κ =
2
√
κ
1− κ . (B.8)
Thus κ = η2 where η is the deformation parameter in (1.1).
41We write the background in terms of the coordinates (χ1, χ2) related to (u,w) in [26] by χ1 =
1
2R
−1(v−w),
χ2 =
1
2 (v+w), R
2 = (c−1)(c¯+1)(c+1)(c¯−1) . We have absorbed an overall constant in T , i.e. effectively setting g
2 of [26] to
4.
26
A special case with a non-zero WZ term is found for κ = 0:
κ = 0 , m = 1 , h = h¯ , c = c¯ = (1 + h−2)1/2 , R = 1 , (B.9)
U =
1
4(1− z2) , Q =
1
4[1 + h2(1− z2)] ,
D(z) = Dˆ(−z) = 2(1 + z)Q(z) , C = 0 , B = 2√
1 + h2
z Q(z) . (B.10)
This background represents a familiar marginal deformation (with parameter h) of the SU(2)
WZW model:
ds2 = dθ2 +
1
1 + h2 sin2 2θ
(
cos2 θ dχ21 + sin
2 θ dχ22
)
,
B2 =
1
2
√
1 + h2
cos 2θ
1 + h2 sin2 2θ
dχ1 ∧ dχ2 . (B.11)
It can be constructed by starting with the gauged WZW model for SU(2) × U(1)/U(1) or by
applying an O(2, 2) T-duality transformation to the SU(2) WZW model (see, e.g., [55, 56]).
It is possible to make the κ→ 0 limit more non-trivial by setting [26]
κ→ 0 , p2 = κ
m2 − 1 → 0 , h = h¯ =
κ q√
1− q2 → 0 , (B.12)
c = c¯→ κ−1
√
1− q2 →∞ , R→ 1 , m, q = fixed , (B.13)
U = 1
4
m2
1− z2 , Q =
1
4
, D(z) = Dˆ(−z) = 1
4
(1 + z)[2 + (m2 − 1)(1− z)] , (B.14)
C = −1
4
(m2 − 1) (1− z2) , B = 1
2
mq z , (B.15)
where m and q are the remaining fixed parameters related to the squashing of S3 and the WZ
term coefficient respectively. The resulting squashed S3 metric and B-field are
ds2 = m2dθ2 + cos2 θ
[
1 + (m2 − 1) sin2 θ]dχ21 + sin2 θ[1 + (m2 − 1) cos2 θ]dχ22
− (m2 − 1) sin2 θ cos2 θ dχ1dχ2 , z = cos 2θ , (B.16)
B2 =
1
2
m q cos 2θ dχ1 ∧ dχ2 . (B.17)
For m = 1 the corresponding Lagrangian becomes that of the SU(2) principal chiral model
with a WZ term with coefficient q (q = 1 is the case of the WZW model).
Another special case is κ = 1 (or κ = ∞, cf. (B.7),(B.8)) when after some parameter
and coordinate redefinitions [26] the background becomes equivalent to that of the marginal
deformation of the euclidean SL(2, R) WZW model [55, 57, 58].
Like the Fateev model [25], the above 4-parameter model is renormalizable [26],42 i.e. its
form is preserved under the RG flow with only the parameters κ, h, h¯ and the overall scale T in
42This was checked [26] only in one-loop approximation. However, since the model has 3d target space, the
corresponding curvature tensor is expressed in terms of Ricci tensor (and also the strength of B2 is Hmnk =
Hǫmnk) and thus it is possible that there is a choice of reparametrization that demonstrates also the two-loop
renormalizability.
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(B.1) changing (p is not renormalized). The IR fixed point corresponds to κ → 0 and thus to
the marginal deformation of the SU(2) WZW model (B.11) which becomes a Weyl-invariant
sigma model when supplemented by an appropriate dilaton. The UV fixed point corresponds to
κ → 1 when the model flows to the marginal deformation of the SL(2, R) WZW background,
which again represents a conformal sigma model. Thus the RG flow connects the deformed S3
and the euclidean AdS3 or H
3 spaces just like in the case of the simple symmetric 1-parameter
deformed coset model discussed in section 3 (κ = 0 and κ =∞ correspond to κ = 0 and κ = 1,
see (B.8)).
To find the conformal sigma model representing the string solution with the NS-NS back-
ground (B.1), (B.2), (B.3) which may correspond to a deformation of the AdS3×S3 supercoset
with a non-zero coefficient q for the WZ term, one would need to switch on also the RR
background fields (and determine the corresponding dilaton).
Finally, let us note that one of the two parameters h, h¯ that controls the WZ coupling in
(B.1), (B.2), (B.3) may be generated by a T-duality transformation. Since T-duality formally
preserves the integrability of the model (see, e.g., [3, 4, 5]) the “core” integrable 3d sigma model
with two isometries may thus be characterized just by 3 parameters, that can be chosen, e.g.,
as the two parameters of Fateev model or κ and p and the coefficient of the WZ term. Indeed,
performing the following TsT transformation:43 T-duality χ1 → χ˜1, shift of χ2 → χ2 + γχ˜1,
and reverse T-duality χ˜1 → χ¯1 gives a model of the same type as in (B.1) but with redefined
functions D, Dˆ, C,B containing one extra free parameter γ:
D′ = K−1D , Dˆ′ = K−1Dˆ , C ′ = K−1C , B′ = K−1
[
B + γ(B2 +∆)
]
, (B.18)
K ≡ (1 + γB)2 + γ2∆ , ∆ ≡ DDˆ − C2 = 4m2R2(1− z2)(1− κ2z2)Q2 . (B.19)
The transformed functions have, in general, a different dependence on z as compared to the
original one in (B.2), but this transformation is supposed to act on a special 3-parameter case
to produce a 4-parameter one. In particular, starting with the 1-parameter deformation case
without B-term (p = 1, h = h¯ = 0) and applying (B.18), (B.19) one gets a special case of (B.1),
(B.2), (B.3) with non-zero h = −h¯.
C The κ = i action from the AdS2 × S2 supercoset
In this Appendix we include some details of the construction of the deformed supercoset action
in the two κ → i (or, equivalently, η → i) limits. The details of the construction depend
quite strongly on the choice of Z4 automorphism; it turns out that a convenient one is that of
[18], which identifies diag(σ1, 0) and diag(0, iσ1) as the generators of the gauge group in the
AdS2 × S2 supercoset. With this choice, the coset representative takes the form
g = gBgF , gB =
(
gA 02×2
02×2 gS
)
, gF = expF , (C.1)
gA = e
1
2
itσ3
(
cosh a i sinh a
−i sinh a cosh a
)
, gS = e
1
2
iϕσ3
(
cos b sin b
− sin b cos b
)
. (C.2)
43This transformation is equivalent to a non-trivial O(2, 2) duality transformation [56] depending on an O(2)
rotation matrix with angle α such that γ = − tanα, provided one also rescales the coordinates χi by cosα and
makes a constant shift of B by γ.
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Denoting by Qi and Si the PSU(1, 1|2) generators with charges ±i, respectively,
Q0 =
(
0 0 1 0
0 0 0 0
i 0 0 0
0 0 0 0
)
Q1 =
(
0 0 0 i
0 0 0 0
0 0 0 0
1 0 0 0
)
Q2 =
(
0 0 0 0
0 0 1 0
0 −i 0 0
0 0 0 0
)
Q3 =
(
0 0 0 0
0 0 0 i
0 0 0 0
0 −1 0 0
)
S0 =
(
0 0 i 0
0 0 0 0
1 0 0 0
0 0 0 0
)
S1 =
(
0 0 0 1
0 0 0 0
0 0 0 0
i 0 0 0
)
S2 =
(
0 0 0 0
0 0 i 0
0 −1 0 0
0 0 0 0
)
S3 =
(
0 0 0 0
0 0 0 1
0 0 0 0
0 −i 0 0
) , (C.3)
we choose the matrix F defining the fermionic part of the coset representative as
F = (q0 + η s0)Q0 + (q1 − η s1)Q1 + (q2 + η s2)Q2 + (q3 − η s3)Q3
+ (s0 + η q0)S0 + (s1 − η q1)S1 + (s2 + η q2)S2 + (s3 − η q3)S3 . (C.4)
Here qi and si are real and F obeys the reality condition outlined in Appendix C of [18]. The
formal limit κ → i or, equivalently η → i, changes the reality condition obeyed by F ; such a
change is hinted at [41] by the expected relation to the PR model for the AdS2×S2 superstring
and the fact that the fundamental excitations change from magnons (in the GS theory) to
solitons (in the PR theory).
With this choice of fields, the quadratic terms around the null geodesic x+ = t + ϕ = µτ
are diagonal and manifestly exhibit the decoupling of q0, q3, s0, s3. This is a consequence of
kappa symmetry. We will choose to fix it setting to zero the decoupled fields,
q0 = 0 = q3 = 0 = s0 = 0 = s3 . (C.5)
This gauge, setting to zero the diagonal entries of the upper-right and lower-left 2×2 blocks of
the purely fermionic terms in the coset representative, is the analog of the AdS5×S5 lightcone
gauge around the null geodesic.
The construction of the action from eq. (4.10) is straightforward albeit tedious; for generic η
the resulting expression is quite lengthy but it simplifies in the η → i limit.
Taking the naive limit η → i (i.e. setting η = i directly without additional rescalings) leads,
after a change of coordinates
a→ arctanh(tan a) , b→ arctan(tanh b) , (C.6)
to the flat space metric. The fermionic Lagrangian then describes four free massless fermions.
As discussed in section 4.2, the limit (2.16) with κ2 = −1 + ǫ2 (i.e. η = i(1 − ǫ + . . . ))
makes contact with the PR theory for the GS string in AdS2 × S2 [18]. In this limit, using the
coset representative in eq. (C.1) and rescaling all fermions by the factor (η − i)1/2/(2√µ), the
Lagrangian in eq. (4.10) becomes (we use ηij = diag(−1, 1) and ǫ01 = 1):
L = cη (LB + LF ) , (C.7)
LB = 2η
ij∂ia∂ja + 2η
ij∂ib∂jb+
µ2
4
(cos 4a− cosh 4b) , (C.8)
LF = −q1∂+q1 − q2∂+q2 − s1∂−s1 − s2∂−s2
− 2
(
sinh 2b
cos 2a + cosh 2b
∂−a+
sin 2a
cos 2a+ cosh 2b
∂−b
)
s1s2
+ 2
(
sinh 2b
cos 2a + cosh 2b
∂+a+
sin 2a
cos 2a+ cosh 2b
∂+b
)
q1q2
+ µ
sin 2a sinh 2b
cos 2a + cosh 2b
(q1s2 − q1s1)
− µ
2
cos 4a+ 2 cos 2a cosh 2b+ cosh 4b
cos 2a + cosh 2b
(q1s1 + q2s2) . (C.9)
We notice that the connection-like terms on the second and third lines of LF are total deriva-
tives, ∂∓ arctan(tan a tanh b), and thus they may be eliminated by opposite rotations in the
planes (q1, q2) and (s1, s2):
X = arctan(tan a tanh b) , (C.10)
q1 → cosX q1 + sinX q2 , q2 → − sinX q1 + cosX q2 ,
s1 → cosX s1 − sinX s2 , s2 → sinX s1 + cosX s2 .
The resulting fermionic Lagrangian is
LF = −q1∂+q1 − q2∂+q2 − s1∂−s1 − s2∂−s2
+ µ
[
cos 2a cosh 2b (s1q1 + s2q2) + sin 2a sinh 2b (q1s2 − q2s1)
]
. (C.11)
The complete light-cone gauge-fixed deformed supercoset Lagrangian to quadratic order in
fermions can then be mapped to the Lagrangian of the PR model for the AdS2 × S2 super-
string [18] by a double-Wick rotation and identifying the fields as
a = 1
2
ϕ , b = 1
2
φ , q1 = ν , q2 = ρ , s1 = β , s2 = γ , (C.12)
and accounting for the difference in the definition of partial derivatives ∂± in [18] (see foot-
note 31).
We expect that a similar derivation, showing equivalence with the corresponding PR model,
should be possible also for the AdS3 × S3 deformed supercoset in the limit η → i.
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